Maxwell's theory of electromagnetism [1] was validated in a series of seminal experiments, one of which demonstrated the existence of the radiation pressure [2] . Since then it has been commonly accepted that nongradient light exerts a pushing force on objects. The situation changed after discovery of an unexpected pulling force in the fields of gradientless structured light (so-called tractor beams) [3] [4] [5] [6] [7] , widely modeled by nondiffractive Bessel beams. In both optics and acoustics [8] , the pulling force originates from the enhanced forward light scattering implying its field momentum increases, while a scatterer gains a backward momentum in concordance with the momentum conservation. This idea has been widely exploited to reverse the force direction due to the environment. Examples include the interface between two media [9] [10] [11] , plasmonic interfaces [12, 13] , and anisotropic materials [14] [15] [16] . The pulling force also depends on the material of the scattering object and can be accordingly observed for gain [17] , chiral [18, 19] , and structured [20] particles. Experiments with tractor beams [21, 22] confirm their importance for optical micromanipulation [23, 24] . The pulling force has been also studied with classical electromagnetic fields interacting with atoms [25, 26] .
In analogy with the tractor beams in optics and acoustics, we propose the concept of the matter-wave pulling forces in quantum mechanics. The matter-wave tractor beams are different from optical and acoustic ones, because (i) the incident beam is a beam of particles (e.g., electrons) or, equivalently, a wave packet according to the wave-particle duality, and (ii) the forces have a quantum probabilistic nature. Remarkably, nongradient matter-wave packets have been demonstrated recently: generation of both Airy and Bessel wave packets of electrons using the technique of nanoscale holograms is reported in Refs. [27, 28] .
The stationary wave function ψ E;α ðrÞ ¼ A 0 expðik 0 cos αzÞJ 0 ðk 0 sin αρÞ ð1Þ in the form of the zeroth-order Bessel function J 0 ðξÞ is a solution of the stationary Schrödinger equation for nonrelativistic particles of mass m and energy E propagating in the z direction, where r ¼ ðx; y; zÞ is the radius vector,
=ℏ is the wave number, k 0 cos α and k 0 sin α are the longitudinal and transverse wave numbers, respectively, and ℏ is the reduced Planck constant. The Bessel wave function is a superposition of plane wave functions for which wave vectors are located on a cone of apex angle 2α [see Fig. 1(a) . For details we refer to Secs. S3 and S4 in Ref. [29] .
Interaction of the incident wave packet with a scattering particle positioned at r ¼ 0 is described with the help of a spherically symmetric potential energy UðrÞ. Particles in the incident beam are affected by the quantum average force hF i i ¼ h−∇Ui, while the force exerted on the scatterer is
where the latter equality follows from the assumption that the interaction between the incident wave packet and scatterer mainly occurs in the vicinity of the scatterer [gðt − z=v gr Þ ≈ gðtÞ]. Ψ t is the total wave packet describing the superposition of the incident and scattered waves, and jFj ¼ F z is the z-oriented stationary force. The Ehrenfest theorem yields the averaged momentum acquired by the incident particle due to the interaction with the scatterer as
Provided the force acting on the scatterer is negative, the particles of the incident beam increase momentum, providing evidence of the quantum pulling force (see Sec. S16 in Ref. [29] ). Time evolution of some averaged quantities is demonstrated in Fig. 1(b) .
Hereinafter we inspect the stationary force F z and reveal the conditions for the force to be backward. Using the stress-tensor technique conventionally employed in electrodynamics and extended to quantum mechanics, e.g., in
Refs. [34] [35] [36] , we write the stationary force
, where the integration surface should be chosen at infinity.
As shown in [29] (Sec. S6), the stress tensor
is expressed by means of potential energy UðrÞ and total stationary wave function ψ t ðrÞ ¼ R l ðrÞY lm ðθ; φÞ=k 0 r, where r, θ, and φ are the spherical coordinates, R l ðrÞ is the radial wave function, Y lm ðθ; φÞ is the spherical harmonic, μ is the reduced mass, ⊗ stands for the tensor product, and I ↔ is the identity tensor. Radial wave function R l is the solution of the radial Schrödinger equation. Since the integration surface is at infinity, the farfield total wave function ψ t ¼ ψ i þ fðθ;φÞ expðik 0 rÞ=r is required to carry out the force calculations, where ψ i is the wave function of the incident particle beam and fðθ; φÞ is the scattering amplitude.
Adopting the well-established method of phase shifts [37] [38] [39] [40] , the stationary force for the incident Bessel wave function (1) reads (see Sec. S8 in [29] )
where
2 jA 0 j 2 =μ, and P l is the Legendre polynomial. Phase shifts δ l ðE; UÞ are defined according to tan
is the spherical Bessel function of order l, and the radial function asymptotic behaves at infinity as R l ðr → ∞Þ ¼ sinðk 0 r − πl=2Þ þ tan δ l cosðk 0 r − πl=2Þ.
Since F l ≥ 0, the backward force can be realized only due to the negative Legendre polynomials. Since the term l ¼ 0 in Eq. (4) is positive, the pulling force F z < 0 appears owing to the terms with l ≥ 1. When one keeps the first two terms (l≤1) in series (4), condition α>arccosð1= ffiffi ffi 3 p Þ≈55°h olds true. If the first three terms are left (l ≤ 2), the range of cone angles reads 39°< α < 55°. The matter-wave pulling force may be enhanced by canceling the positive term l ¼ 0 in Eq. (4). The equation F 0 ðE; UÞ ¼ 0 is exactly the condition for resonant transparency of quantum barriers known in quantum scattering theory as the RamsauerTownsend effect [41, 42] . The canceling of F l ðE; UÞ ¼ 0 requires δ lþ1 − δ l ¼ πn l , where n l is an integer number.
First, we consider a short-range potential using the model of spherical potential barrier UðrÞ ¼ U 0 HðR − rÞ with the radius of interaction R, where HðxÞ is the Heaviside step function. As shown in [29] (Sec. S10), conditions F 0 ¼ 0 and
The backward force stems from the Ramsauer-Townsend effect at low energies E. Thus, we can expect that the pulling effect in quantum mechanics is often accompanied by the suppressed scattering cross section and, as a consequence, the pulling force is smaller than the normal, pushing one. The backward force exists both for slow and fast incident particles, as demonstrated in Fig. 2 and Fig. S2 in [29] , the wave number k being real (the waves at r ≤ R are not evanescent).
According to Fig. 2(a) , the quantum pulling force exists in the Born approximation (jUj ≪ E 0 ) [37, 38] . Importantly, there is a vast family of potentials beyond the step-function potential focusing the wave function in the forward direction and, thus, ensuring the negative transferred momentum. Applying the sufficient condition U 0 ð0Þ R ∞ 0 UðrÞr 2 dr > 0 of the negative matter-wave force in the Born approximation (see derivation in Sec. S12 of [29] ). When the wave packet arrives at the scattering center (the peak in the uppermost plot), the force acting on the scatterer arises (pulling force F z < 0 in the second plot). The incident particle's momentum change Δp z ¼ jF z j ffiffiffi π p ℏ=σ > 0 is shown in the third plot. The dependence of the coordinate on time is shown in the bottom plot.
PRL 118, 180401 (2017) P H Y S I C A L R E V I E W L E T T E R S week ending 5 MAY 2017
180401-2 [29] ) to the Morse potential shown in Fig. 3(a) , we arrive at the constraint on the equilibrium position 0 < b=R < 4 ln 2 ≈ 2.77. The calculated negative force for cone angle α ¼ 70°is in the range 1.25 < b=R < 2.77 and does fall into the predicted interval of the equilibrium positions [see the diagram F z ðb; EÞ < 0 in Fig. 3(b) ]. The long-range asymptotic behavior of the potential can be modeled assuming the short-range core U 0 ¼ const for r ≤ R and the long-range tail U 0 ðr=RÞ −n for r > R, as rendered in the inset in Fig. 3(c) . For small n < 4 we observe the degradation of the backward force. The pulling force at low cone angles fades away, but the low-energy backward force is still present, as shown for n ¼ 1 in Fig. 3(c) . Diagrams for n from 1 to 6 are shown in Fig. S4 in [29] . The case n ¼ 4 may be employed in the elastic electron scattering by an atom, with the value of U 0 being proportional to the dipole polarizability [43] .
Finally, we consider potentials without the short-range core. The problem of scattering by the Coulomb potential UðrÞ ¼ γ=r has a well-known solution [37] . The coefficients
introduced into Eq. (4) ensure that the force is positive [see Fig. 3(d) ]. However, when the potential decays faster, the situation may change. The Yukawa or screened Coulomb potential [see the inset in Fig. 3(c) ] has exponential asymptotic dependence and, effectively, can be treated as a shortrange potential barrier of some effective height U 0 . Despite the large cone angle α ¼ 85°the evidence of the matter-wave pulling force for slow incident particles is clear [see Fig. 3(e) ]. The details of the numerical calculations carried out for the Yukawa potential can be found in Sec. S14 of [29] .
It is instructive to compare the conditions of nascence of the backward forces for optical, acoustic, classical mechanical, and matter-wave tractor beams. The common feature of the negative forces, the forward scattering enhancement, occurs in quantum mechanics too (see Fig. 2 ) and, thus, can be treated as a fingerprint of the pulling force. The pulling force in optics originates from the interaction of electric and magnetic dipole moments for α > 60°and higher-order multipoles otherwise [see Fig. 4(a) ]. Interestingly, there is a pronounced difference between electrodynamics or acoustics and quantum mechanics related to the low-energy limit. We cannot obtain the low-energy dragging forces for optical energies approaching zero (Rayleigh approximation), if the 
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week ending 5 MAY 2017 180401-3 scatterers are nonmagnetic. Therefore, the case of quantum mechanics should be treated equivalent to the magnetodielectric scenario in optics (see Sec. S11 in [29] ). The dragging forces for α < 39°in acoustics [ Fig. 4(c) ] can be explained similarly to the quantum mechanics case with two-parametric potentials Uðr; p 1 ; p 2 Þ through simultaneously satisfying
. There are precisely two parameters in acoustics, inner-to-outer fluid sound speed σ and density λ ratios. Classical mechanics stands apart for two reasons: First, the particles cannot be treated as waves. Second, the beam of particles is not nondiffractive in the sense of keeping crosssectional distribution of particles invariant during propagation (however, all particles have the same projection of the longitudinal momentum). Nevertheless, we consider a classic mechanics analogue of a wave tractor beam sketched in the inset of Fig. 4(b) . Charged particles are volleyed out from the ring and move toward the scatterer along the generatrix of the cone with apex angle 2α. The particles should fall into the cone after the Coulomb scattering to increase the forward momentum and result in the backward force (see Sec. S2 in [29] ). The matter-wave pulling forces are similar to those in acoustics except that there are no ways to pull back the scatterer with cone angles below 39°with a single-parametric step potential. In contrast to the pulling forces in electrodynamics, acoustics, and classical mechanics, quantum mechanics offers a low-energy pulling effect in the extraordinarily wide range of cone angles α > 39°in the vicinity of the Ramsauer-Townsend values [see Fig. 4(d) ]. Quantitative estimations of the pulling forces in optics, acoustics, and quantum mechanics normalized to the gravity force of the scatterer are shown in the lowest line of the table in Fig. 4 . This normalized quantum pulling force is of the order of the optical pulling force, holding out the hope that our predictions can be confirmed in experiments with cold atoms and molecules. The details of the calculations are provided in Sec. S17 of Ref. [29] .
To summarize, the matter-wave tractor beams can play an important part in future applications. De Broglie wavelengths λ dB ∼ 10 −11 m of nonrelativistic particles bring the hope of achieving an extremely high resolution unattainable by optical means. Another aspect of the small wavelengths is feasible manipulation with quantum particles on the atomic scale. The very existence of the matter-wave pulling force is an issue of fundamental importance. Amazingly, completely different probabilistic interpretations of quantum mechanics do not harm the pulling force phenomenon, thus confirming the wave nature as the uniting principle of all previous studies [3] [4] [5] [6] 8] . Matterwave tractor beams exhibit pulling forces in the vicinity of the Ramsauer-Townsend energies and attract scatterers with long-range potentials. The quantum mechanical predictions regarding the negative force can be verified either directly (see the discussion of a possible experimental setup in Sec. S16 of Ref. [29] ) or using the optical analogy. In the latter case, the short-range potential energy could be realized as a frequency-dispersive spherical bead embedded into a homogeneous medium as outlined in Sec. 15 of [29] . Normalization coefficients E 0 ¼ jq 1 q 2 j=2ρ 0 and F N ¼ 4n 1 E 0 , where q 1 and q 2 are charges, ρ 0 is the impact parameter, and n 1 is the linear particle concentration. (c) Backward force exerted by the acoustic tractor beam [8] emerges for cone angles below 39°as shown for carbon tetrachloride sphere of radius R in water (σ ¼ 0.619 and λ ¼ 1.587). We use E 0 ¼ ℏc 0 =R and F N ¼ πR 2 I 0 =c 0 cos α, where c 0 is the speed of sound in the ambient liquid and I 0 is the acoustic intensity. (d) For matter-wave tractor beams, pulling force below 39°is impossible, but the backward force may emerge for small energies E in the wide range of cone angles α > 39°. U 0 =E 0 ¼ −9 and U 0 =E 0 ¼ −17.5 in the figure and inset, respectively.
